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Abstract
It has long been appreciated that superalgebras with bosonic and fermionic genera-
tors additional to those in the super-Poincare algebra underlie p-brane and D-brane
actions in superstring theory. These algebras have been revealed via “bottom up”
approaches, involving consideration of Noether charges, and by “top down” ap-
proaches, involving the construction of manifestly supersymmetry invariant Wess-
Zumino actions. In this paper, we give an alternative derivation of these algebras
based on integrability of supersymmetry transformations assigned to fields in order
to solve a cohomology problem related to the construction of Wess-Zumino terms
for p-brane and D-brane actions.
1darren.grasso@uwa.edu.au
2ian.mcarthur@uwa.edu.au
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1 Introduction
One of the major breakthroughs in superstring theory came with the realisation that in
addition to strings, world-volume structures of higher dimension (p-branes and D-branes)
contribute to a much richer spectrum, and indeed are integral to dualities that relate the
seemingly different superstring theories.
For p-branes or D-branes embedded in flat superspace, it has long been appreciated
that enlarged3 versions of the flat superspace algebra involving additional bosonic and
fermionic generators (some of them central) naturally arise.
3We avoid the term “extended,” as extended supersymmetry algebras involve multiple supersymmetry
generators; in this paper we consider only N = 1 supersymmetry.
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The first enlarged supersymmetry algebra to be considered was introduced by Green
[1] in relation to the superstring (p = 1), and incorporates a fermionic central charge Zα:
{Qα, Qβ} = −2(CΓ
a)αβPa (1.1)
[Pa, Qα] = i(CΓa)αβ Z
β. (1.2)
The standard Wess-Zumino term in the superstring action [2, 3], required to ensure kappa
symmetry [4, 5, 6], is only invariant under supersymmetry transformations up to a total
derivative. Siegel [7] showed that it is possible to define a manifestly supersymmetric
Wess-Zumino terms using an enlarged superspace related to the “Green algebra” (1.2) by
a coset construction.
Building on Siegel’s paper, there is an extensive literature relating the embedding
of p-branes and D-branes into superspace to enlarged supersymmetry algebras involving
additional bosonic and fermionic generators beyond those appearing in the Green algebra.
These enlarged supersymmetry algebras have been motivated and derived by a variety of
means, which fall into two broad categories. “Top-down” approaches have sought the most
general enlarged superalgebras, using Maurer-Cartan equations and techniques based on
free differential algebras [8, 9, 10, 11, 12, 13, 14, 15, 16]. “Bottom-up” approaches have
explored modifications to the algebra of Noether currents for p-brane and D-brane actions
due to quasi-invariant terms in the Lagrangian [17, 18, 19, 20, 21, 22, 23].
In this paper, we provide a new and quite direct derivation for the enlarged supersym-
metry algebra related to a given embedded world-volume structure, based on integrability
of supersymmetry transformations. This generalises work already published in [24].
2 Background
In the Green-Schwarz formulation [2, 3], p-branes are embeddings of a (p+1)-dimensional
bosonic world-volume into a superspace,
σi → (xa(σ), θα(σ)) , (2.1)
where σi are coordinates on the world-volume, and (xa, θα) are superspace coordinates.
Here we consider flat D-dimensional N = 1 superspace. The supersymmetry algebra
{Qα, Qβ} = −2 (CΓ
a)αβ Pa (2.2)
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is realised via the transformations of superspace coordinates4
δǫ x
a = i (ǫ¯Γaθ) (2.3)
δǫ θ
α = ǫα. (2.4)
In a group theoretic setting, these transformations result from the left group action on
g(x, θ) = ei(x
aPa+θαQα). (2.5)
The left-invariant one-forms πA, A = (a, α), which are therefore invariant under super-
symmetry transformations, are constructed as
g(x, θ)−1dg(x, θ) = iπaPa + iπ
αQα, (2.6)
and are
πa = dxa − i(θ¯Γadθ), πα = dθα. (2.7)
p-brane actions exist only in spacetime dimensions for which the supersymmetry invariant
(p+ 2)-form
h(p+2) = πa1 ∧ · · · ∧ πap ∧ (dθ¯ ∧ Γa1 · · ·Γap dθ) (2.8)
is closed [25], requiring the gamma matrix identities
0 = (CΓa)α(β (CΓa)γδ), p = 1; (2.9)
0 = (CΓa1)(αβ (CΓa1···ap)γδ), p > 1. (2.10)
Here, Γa1···ap is the anti-symmetrized product of gamma matrices, and the round brackets
on spinor indices denote symmetrisation. The resulting restrictions on p and D to ensure
equal numbers of world-volume bosonic and fermionic degrees of freedom (and therefore
world-volume supersymmetry) give rise to the “brane-scan” [26, 27].
The p-brane action is of the form
S = S0 + SWZ , (2.11)
where the “kinetic” term
S0 =
∫
d(p+1)σ
√
detGij (2.12)
4Unless otherwise stated, spinors are Majorana, so ǫ¯ = ǫTC, where C is the charge conjugation matrix.
Also, the spacetime dimension must be such that (CΓa)αβ is symmetric. Exterior derivatives act to the
right, so that if φ and ω are forms, d(φ ∧ ω) = dφ ∧ ω + (−1)pφ ∧ dω when φ is a p-form.
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is constructed from the pull-back of the flat spacetime metric,
Gij = πi
a ηab πj
b, (2.13)
with πi
a = ∂x
a
∂σi
− i(θ¯Γa ∂θ
∂σi
). Since the de Rham cohomology of superspace is trivial, closure
of the form h(p+2) in (2.8) implies
h(p+2) = db(p+1). (2.14)
The Wess-Zumino term is given by the integral over the (p+1)-dimensional world-volume
of the pullback of the superspace form b(p+1),
SWZ =
∫
σ∗b(p+1), (2.15)
and is necessary to ensure the p-brane action (2.11) possesses a local fermionic κ-symmetry
[4, 5, 6]. This allows half of the world-volume fermionic degrees of freedom to be gauged
away to ensure world-volume supersymmetry. The form b(p+1) cannot be chosen to be
invariant under supersymmetry transformations (i.e. cannot be written in terms of the
left-invariant one-forms πA), but varies by a total derivative. Stated technically, h(p+2)
belongs to a non-trivial Chevalley-Eilenberg cohomology class on superspace, in which
the cocycles are left-invariant one-forms [8].
The “quasi-invariance” of the Wess-Zumino Lagrangian under supersymmetry trans-
formations (variation of the Lagrangian by a total derivative) leads to modifications to
the Noether currents generating supersymmetry transformations, which in turn leads to
the corresponding charges obeying a modified algebra. In the original analysis [17], the
algebra was determined to be of the form
{Qα, Qβ} = −2 (CΓ
a)αβ Pa + (CΓa1···ap)αβ Z
a1···ap , (2.16)
where Za1···ap are bosonic central charges. This was based on solutions to the “descent
equations”
h(p+2) = db(p+1), δǫb
(p+1) = dδǫA
(p) (2.17)
(where δǫ denotes a supersymmetry variation with parameter ǫ
α, and the second equation
follows from δǫh
(p+2) = 0) in which b(p+1) and δǫA
(p) were chosen to be invariant under
spacetime translations. More general solutions which are not invariant under spacetime
translations lead to additional fermionic topological charges in the algebra of Noether
charges [20, 22]. In the case p = 1 (superstrings), the enlarged algebra is the Green
algebra [1].
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The same enlarged supersymmetry algebras involving additional bosonic and fermionic
generators have also emerged via an alternative route. As was pointed out by Siegel in the
case of the superstring [7], and generalized to p-branes by others, it is possible to construct
Wess-Zumino Lagrangians that are manifestly invariant under spacetime supersymmetry
transformations. The form b(p+1) in standard superspace with coordinates (x, θ) cannot be
chosen to be supersymmetric (i.e. expressed in terms of left-invariant forms); however, by
introducing an enlarged superspace with additional coordinates, it is possible to introduce
additional terms into the action to make it supersymmetric. The enlarged superspace is
related by a coset construction [12, 15] to the enlarged supersymmetry algebras that
emerge via “quasi-invariance” and modified Noether currents. Stated technically, h(p+2)
belongs to a trivial Chevalley-Eilenberg cohomology class for the enlarged superspace, in
that it can be expressed as d(b(p+1) − dA(p)) where the additional superspace p-form A(p)
is chosen so that b(p+1) − dA(p) is invariant under supersymmetry transformations - and
indeed can be expressed in terms of left-invariant forms on the enlarged superspace. The
additional left-invariant forms have been determined by a variety of means by different
authors, including using the concept of a free differential algebra [8, 10, 11, 15] and
requiring that the left-invariant forms satisfy as consistent set of Maurer-Cartan equations
(equivalent to the Jacobi identities of the corresponding algebra) [12, 13]. The Jacobi
identities rely on the gamma matrix identities (2.9, 2.10) - the same identities required to
ensure closure of the superspace forms (2.8) giving rise to the Wess-Zumino terms.
The supersymmetry invariant Wess-Zumino term is then of the form
SWZ =
∫
σ∗(b(p+1) − dA(p)). (2.18)
This still satisfies the requirements of a Wess-Zumino term, namely that d(b(p+1)− dA(p))
is closed and supersymmetry invariant; the fact that the p-form A(p) appears as a to-
tal derivative means that the degrees of freedom it contains (including the additional
superspace coordinates) do not contribute to the dynamics.
A similar issue is involved in the construction of D-brane actions. As originally formu-
lated, D-branes include a world-volume U(1) gauge field A whose field strength F = dA
gives rise to a Born-Infeld term in the action [29, 30, 31, 32]; specifically,
S =
∫
d(p+1)σ
√
det (Gij + Fij) + SWZ . (2.19)
As with p-branes, Gij is the pullback to the world-volume of the spacetime metric. F
is the world-volume two-form F = F − σ∗b(2), where db(2) = h(3) is a supersymmetry
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invariant closed superspace three-form given by (2.8) with p = 1. The Wess-Zumino term
is again of the form
SWZ =
∫
σ∗b(p+1), (2.20)
with h(p+2) = db(p+1) also supersymmetry invariant and closed as in (2.8). D-branes are
also required to possess kappa symmetry, which again allows half of the fermionic degrees
of freedom to be gauged away. The cohomology problem is essentially the same as that in
the case of manifestly supersymmetric Wess-Zumino terms for p-branes: to find a world-
volume one-form A such that F = dA−σ∗b(2) is invariant under spacetime supersymmetry
transformations.
Similarly, the M theory 5-brane action involves a world-volume two-form gauge field
A(2) such that dA(2) − σ∗b(3) is spacetime supersymmetry invariant [33].
In this paper, we consider an alternative and more direct approach to the determina-
tion of the enlarged supersymmetry algebras associated with a given p-brane or D-brane
action. We consider the integrability of the supersymmetry transformations δǫA
(p) as-
signed to A(p) in solving the cohomology problem
h(p+2) = db(p+1), δǫb
(p+1) = dδǫA
(p). (2.21)
Not only does this lead us directly to the enlarged supersymmetry algebra associated with
a given brane; it also leads us to the representation in standard superspace of bosonic and
fermionic Noether charges associated with the enlarged algebra. This generalises earlier
results reported in the case of p = 1 [24].
3 Review of the case p = 1
This case was examined in [24], and relates to both the Wess-Zumino term in the
action for the superstring, and the worldvolume one-form appearing in the Born-Infeld
term in the action for D-branes. We begin with the supersymmetry invariant and closed
three-form5
h(3) = πa(dθ¯Γadθ). (3.1)
The most general candidate for b(2) is
b(2) = µ xa(dθ¯Γadθ)− (1− µ) dx
a(θ¯Γadθ), (3.2)
5From here onward we do not include the symbol ∧ in the wedge product of forms.
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where µ is a real parameter. Varying µ changes b(2) by an exterior derivative, so it is
an “integration constant” in solving h(3) = db(2). Conventionally µ is set to zero in the
literature to make b(2) invariant under spacetime translations. Requiring δǫb
(2) = dδǫA
(1),
we obtain
δǫA
(1) = (1− µ)ν dxa(ǫ¯Γaθ)−
i
3
(1− 3µ) (ǫ¯Γaθ)(θ¯Γadθ)− (1− µ)(1− ν) x
a(ǫ¯Γadθ), (3.3)
where again ν is an integration constant, and again conventionally set to 1 to make δǫA
(1)
spacetime translation invariant.
We can check the integrability of the supersymmetry transformation by computing
the commutator of two supersymmetry transformations:
(δǫ2δǫ1 − δǫ1δǫ2)A
(1) = 2(ǫ¯1Γaǫ2)
(
(1− µ)ν dxa + iµ (θ¯Γadθ)
)
. (3.4)
If we use δǫ = ǫ
αQα, and require consistency of (3.4) with the anticommutator {Qα, Qβ} =
−2(CΓa)αβPa, then we infer that as an operator relation in “(x, θ, A) space”6,
PaA
(1) = −(1− µ)νdxa − iµ(θ¯Γadθ). (3.5)
It then follows that
[Pa, Qα]A
(1) = i(CΓadθ)α, (3.6)
which is not consistent with the the standard supersymmetry algebra which has [Pa, Qα] =
0. Instead, we have a realisation of an extension of the standard supersymmetry algebra
by an additional fermionic charge. This is consistent with the Green algebra (1.2) if the
action of the charge Zα is realized via
ZαA(1) = dθα. (3.7)
It is easy to check that Zα is a central charge if we assume the superspace coordinates
(x, θ) are inert under the action of Zα. Note that the resulting algebra is independent of
the choice of the integration constants µ and ν.
Thus we naturally see the emergence of the Green algebra, already known to be appli-
cable in formulating manifestly supersymmetric Wess-Zumino terms for the superstring
[7], in the solution of δǫb
(2) = dδǫA
(1).
6Compatibility of (δǫ2δǫ1 − δǫ1δǫ2)x
a = 2i(ǫ¯1Γ
aǫ2) with the algebra requires Pax
b = −iδa
b.
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4 The case p = 2
We now consider the case where p = 2, which relates to the construction of a super-
symmetric Lagrangian for a 2-brane (or super-membrane), and to the two-form gauge
field on the worldvolume of an M5-brane [33]. In this case the four-form
h(4) = πaπb(dθ¯Γabdθ) (4.1)
is closed provided
0 = (CΓa)(αβ(CΓab)γδ) . (4.2)
Since h(4) is closed,
h(4) = db(3) . (4.3)
The most general expression (including terms not invariant under spacetime translations)
for the three-form b(3) is
b(3) = (1− α)xadxb(dθ¯Γabdθ) + αdx
adxb(θ¯Γabdθ)
− idxa(θ¯Γbdθ)(θ¯Γabdθ)−
1
3
(θ¯Γadθ)(θ¯Γbdθ)(θ¯Γabdθ) + dc
(2) (4.4)
where α is a constant and c(2) is any two-form. In deriving this result we have used the
identity
(θ¯Γadθ)(dθ¯Γabdθ) = −(dθ¯Γ
adθ)(θ¯Γabdθ) (4.5)
which follows from (4.2).
Since h(4) = db(3) is invariant under supersymmetry transformations we have
δǫb
(3) = da(2)(ǫ) , (4.6)
where δǫ denotes a supersymmetry transformation with parameter ǫ
α, and a(2)(ǫ) is some
ǫ dependent two-form. The most general expression for a(2)(ǫ) is
a(2)(ǫ) = α(1− β)xadxb(ǫ¯Γabdθ) + αβdx
adxb(ǫ¯Γabθ)
+ i(1− α)(1− γ)xa(ǫ¯Γbθ)(dθ¯Γabdθ)− i(1− α)γx
a(ǫ¯Γbdθ)(θ¯Γabdθ)
− i(2α + γ − αγ − 5
3
)dxa(ǫ¯Γbθ)(θ¯Γabdθ)−
i
3
dxa(θ¯Γbdθ)(ǫ¯Γabθ)
+
1
15
(ǫ¯Γaθ)(θ¯Γbdθ)(θ¯Γabdθ)−
1
15
(θ¯Γadθ)(θ¯Γbdθ)(ǫ¯Γabθ) + δǫc
(2) + da(1)(ǫ) (4.7)
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where α, β, and γ are all constants and a(1)(ǫ) is any ǫ dependent one-form. In deriving
this result we have exploited the identity (4.2) a number of times; for example (4.5) and
(dθ¯Γadθ)(ǫ¯Γabθ) + (ǫ¯Γ
aθ)(dθ¯Γabdθ) = 2(ǫ¯Γ
adθ)(θ¯Γabdθ)− 2(θ¯Γ
adθ)(ǫ¯Γabdθ) (4.8)
have been used.
We now introduce a two-from A(2) whose supersymmetry transformation is determined
by the requirement that F (3) = dA(2) − b(3) is invariant. Without loss of generality this
implies that
δǫA
(2) = a(2)(ǫ) , (4.9)
and so we arrive at the supersymmetry transformation required of the two-form A(2):
δǫA
(2) = α(1− β)xadxb(ǫ¯Γabdθ) + αβdx
adxb(ǫ¯Γabθ)
+ i(1− α)(1− γ)xa(ǫ¯Γbθ)(dθ¯Γabdθ)− i(1− α)γx
a(ǫ¯Γbdθ)(θ¯Γabdθ)
− i(2α + γ − αγ − 5
3
)dxa(ǫ¯Γbθ)(θ¯Γabdθ)−
i
3
dxa(θ¯Γbdθ)(ǫ¯Γabθ)
+
1
15
(ǫ¯Γaθ)(θ¯Γbdθ)(θ¯Γabdθ)−
1
15
(θ¯Γadθ)(θ¯Γbdθ)(ǫ¯Γabθ) + δǫc
(2) + da(1)(ǫ) . (4.10)
Up to redefinitions of the constants α, β and γ, the most general choices for c(2) and
a(1)(ǫ) in δǫA
(2) are
c(2) = iλxa(θ¯Γbdθ)(θ¯Γabdθ) (4.11)
and
a(1)(ǫ) = iκxa(θ¯Γbdθ)(ǫ¯Γabθ) (4.12)
with κ and λ constants.
We can now check the integrability of the supersymmetry transformation (4.10) as-
signed to A(2) by computing the commutator of two supersymmetry transformations. As
detailed in Appendix A, the resulting expression for the commutator can be expressed
via terms of the form (ǫ¯1Γ
aǫ2) and (ǫ¯1Γabǫ2) – where the former relates to the standard
supersymmetry algebra, and the latter can be interpreted via an additional charge in the
algebra (see below) – provided we set
κ =
1
15
, β =
1
3α
, γ = 1 +
1
15(α− 1)
, (4.13)
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with the other two constants, α and λ, remaining unfixed. Our result is
[δǫ2, δǫ1 ]A
(2) = 2i(ǫ¯1Γ
aǫ2)
{
1
15
xb(dθ¯Γabdθ) + (α−
14
15
)dxb(θ¯Γabdθ) + iλ(θ¯Γ
bdθ)(θ¯Γabdθ)
}
+
2
3
(ǫ¯1Γabǫ2)
{
dxadxb −
i
5
d
[
xa(θ¯Γbdθ)
]}
. (4.14)
If we use δǫ = ǫ
αQα and require that (4.14) be consistent with an extension of the
supersymmetry algebra of the form
{Qα, Qβ} = −2(CΓ
a)αβPa + (CΓab)αβZ
ab (4.15)
where Zab = −Zba is a bosonic charge, then we infer that as an operator relation in
“(x, θ, A) space”,
PaA
(2) = −
i
15
xb(dθ¯Γabdθ)− i(α−
14
15
)dxb(θ¯Γabdθ) + λ(θ¯Γ
bdθ)(θ¯Γabdθ) (4.16)
and7
ZabA(2) = d
[
2
3
xadxb −
2i
15
x[a(θ¯Γb]dθ)
]
. (4.17)
5 Completing the p = 2 algebra
We are now in a position to determine the rest of the algebra. For example, from
(4.10) with the choices (4.11), (4.12) and (4.13), and by computing the supersymmetric
variation of (4.16) and using δǫ = ǫ
αQα we find
[Qα, Pa]A
(2) = d
[
3i
5
xb(dθ¯Γab)α −
1
15
(θ¯Γbdθ)(θ¯Γab)α
]
(5.1)
which leads us to introduce a fermionic charge Zaα defined via
[Qα, Pa] = (CΓab)αβZ
bβ (5.2)
where
ZaαA(2) = d
[
3i
5
xadθα −
1
15
(θ¯Γadθ)θα
]
. (5.3)
7Note that our (anti)symmetrization of n indices carries a factor of 1/n!.
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Similarly, computing the supersymmetry variation of (4.17) and using δǫ = ǫ
αQα, and
assuming that xa and θα are inert under the action of the additional charges we find
[Qα, Z
ab]A(2) = d
[
6i
5
x[a(dθ¯Γb])α −
2
15
(θ¯Γ[adθ)(θ¯Γb])α
]
= −2(CΓ[a)αβZ
b]βA(2) . (5.4)
In this way we can construct the entire algebra, which is
{Qα, Qβ} = −2(CΓ
a)αβPa + (CΓab)αβZ
ab (5.5)
[Qα, Pa] = (CΓab)αβZ
bβ (5.6)
[Pa, Pb] = (CΓab)αβZ
αβ (5.7)
[Qα, Z
ab] = −2(CΓ[a)αβZ
b]β (5.8)
[Pc, Z
ab] = −δ[ac (CΓ
b])αβZ
αβ (5.9)
{
Qα, Z
aβ
}
= −4(CΓa)αγZ
γβ −
1
2
δβα(CΓ
a)γλZ
γλ, (5.10)
where
PaA
(2) = −
i
15
xb(dθ¯Γabdθ)− i(α−
14
15
)dxb(θ¯Γabdθ) + λ(θ¯Γ
bdθ)(θ¯Γabdθ) (5.11)
ZabA(2) = d
[
2
3
xadxb −
2i
15
x[a(θ¯Γb]dθ)
]
(5.12)
ZaαA(2) = d
[
3i
5
xadθα −
1
15
(θ¯Γadθ)θα
]
(5.13)
ZαβA(2) =
2
15
d
[
θαdθβ
]
. (5.14)
Note that the algebra (5.5)-(5.10) is independent of the choice of the constants α and λ.
Up to redefinitions of the extra generators, it is equivalent to the p = 2 algebra identified
by Bergshoeff and Sezgin [12] in their construction of a p = 2 supersymmetric Wess-
Zumino term via an expanded superspace. The difference is that we have systematically
derived the algebra; in [12], the algebra is stated without derivation. The right hand sides
of (5.11)-(5.14) also reproduce the Noether charges constructed in [28] (up to a different
choice of normalization).
6 p = 3 algebra
Utilising the same procedure as that used for p = 2, we now extend the derivation of
the enlarged algebra to the case of p = 3. Here we summarise our results.
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Starting with h(5) = db(4), we find that the most general expression for the four-form
b(4) is given by
b(4) = (1 +m1)x
adxbdxc(dθ¯Γabcdθ) +m1dx
adxbdxc(θ¯Γabcdθ)
+ 2m2x
adxb(θ¯Γcdθ)(dθ¯Γabcdθ) +
(
3i
2
+m2
)
dxadxb(θ¯Γcdθ)(θ¯Γabcdθ)
+ 3m3x
a(θ¯Γbdθ)(θ¯Γcdθ)(dθ¯Γabcdθ) + (1 +m3)dx
a(θ¯Γbdθ)(θ¯Γcdθ)(θ¯Γabcdθ)
−
i
4
(θ¯Γadθ)(θ¯Γbdθ)(θ¯Γcdθ)(θ¯Γabcdθ) (6.1)
where m1, m2 and m3 are constants.
Requiring
δǫb
(4) = dδǫA
(3), (6.2)
we find that
δǫA
(3) =(m1 +m4)x
adxbdxc(ǫ¯Γabcdθ) +m4dx
adxbdxc(ǫ¯Γabcθ)
+ (i + im1 −m5 +m6)x
adxb(ǫ¯Γcθ)(dθ¯Γabcdθ)
+ (3i
2
+ 3im1 +m2 −m5 − 2m6)x
adxb(ǫ¯Γcdθ)(θ¯Γabcdθ)
+ (3i
2
+m2 + 3m6)x
adxb(θ¯Γcdθ)(ǫ¯Γabcdθ)
+m5dx
adxb(ǫ¯Γcθ)(θ¯Γabcdθ) +m6dx
adxb(θ¯Γcdθ)(ǫ¯Γabcθ)
+ (2im2 + 2m3 +m7 − 4m8 − 1)x
a(ǫ¯Γbdθ)(θ¯Γcdθ)(θ¯Γabcdθ)
− 2(im2 +m7 +m8)x
a(ǫ¯Γbθ)(θ¯Γcdθ)(dθ¯Γabcdθ)
+ (1 +m3 + 5m8)x
a(θ¯Γbdθ)(θ¯Γcdθ)(ǫ¯Γabcdθ)
+m7dx
a(ǫ¯Γbθ)(θ¯Γcdθ)(θ¯Γabcdθ) +m8dx
a(θ¯Γbdθ)(θ¯Γcdθ)(ǫ¯Γabcθ)
+
i
28
(1 + 28m3)(ǫ¯Γ
aθ)(θ¯Γbdθ)(θ¯Γcdθ)(θ¯Γabcdθ)
+
i
28
(θ¯Γadθ)(θ¯Γbdθ)(θ¯Γcdθ)(ǫ¯Γabcθ) (6.3)
where mi, with i = 1, 2, . . . , 8, are all constants.
We can now check the integrability of the supersymmetry transformation assigned to
A(3) by computing the commutator of two supersymmetry transformations. The result-
ing expression for the commutator can be expressed via terms of the form (ǫ¯1Γ
aǫ2) and
(ǫ¯1Γabcǫ2) – the latter being able to be interpreted in terms of an additional charge in the
algebra – provided we set
m4 =
1
4
, m5 =
93 i
140
+ im1 , m6 = −
47 i
140
, m7 =
5
28
− im2 , m8 = −
5
28
, (6.4)
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with m1, m2 and m3 remaining unfixed. Our result is
[δǫ2 , δǫ1]A
(3) = −2(ǫ¯1Γ
aǫ2)
{
− i
(
(m1 +
61
70
)dxbdxc + (m2 +
3i
140
)dxb(θ¯Γcdθ)
+m3(θ¯Γ
bdθ)(θ¯Γcdθ)
)
(θ¯Γabcdθ)−
3
70
xb
(
3idxc + (θ¯Γcdθ)
)
(dθ¯Γabcdθ)
}
+ (ǫ¯1Γabcǫ2)d
[
1
2
xadxbdxc −
9i
35
x[adxb(θ¯Γc]dθ)−
3
70
x[a(θ¯Γbdθ)(θ¯Γc]dθ)
]
. (6.5)
If we use δǫ = ǫ
αQα and require that the above expression be consistent with an extension
of the supersymmetry algebra of the form
{Qα, Qβ} = −2(CΓ
a)αβPa + (CΓabc)αβZ
abc (6.6)
where Zabc is a bosonic charge completely antisymmetric in its indices, then we infer that
as an operator relation in “(x, θ, A) space”,
PaA
(3) =− i
(
(m1 +
61
70
)dxbdxc + (m2 +
3i
140
)dxb(θ¯Γcdθ) +m3(θ¯Γ
bdθ)(θ¯Γcdθ)
)
(θ¯Γabcdθ)
− 3
70
xb
(
3idxc + (θ¯Γcdθ)
)
(dθ¯Γabcdθ) (6.7)
and
ZabcA(3) = d
[
1
2
xadxbdxc −
9i
35
x[adxb(θ¯Γc]dθ)−
3
70
x[a(θ¯Γbdθ)(θ¯Γc]dθ)
]
(6.8)
Continuing as in the p = 1 and p = 2 cases, we find the resulting algebra is
{Qα, Qβ} = −2(CΓ
a)αβPa + (CΓabc)αβZ
abc (6.9)
[Qα, Pa] = (CΓabc)αβZ
bcβ (6.10)
[Pa, Pb] = (CΓabc)αβZ
cαβ (6.11)
[Qα, Z
abc] = −2(CΓ[a)αβZ
bc]β (6.12)
[Pe, Z
abc] = −δ[ae (CΓ
b)αβZ
c]αβ (6.13)
[Pa, Z
bcβ] = −δ[ba (CΓ
c])αγZ
αγβ (6.14)
{
Qα, Z
abβ
}
= −4(CΓ[a)αγZ
b]γβ −
1
2
δβα(CΓ
[a)γλZ
b]γλ (6.15)
[Qα, Z
aβγ] = −
5
2
(CΓa)αλZ
λβγ −
1
2
(CΓa)λµZ
λµ(γδβ)α (6.16)
with
PaA
(3) =− i
(
(m1 +
61
70
)dxbdxc + (m2 +
3i
140
)dxb(θ¯Γcdθ) +m3(θ¯Γ
bdθ)(θ¯Γcdθ)
)
(θ¯Γabcdθ)
− 3
70
xb
(
3idxc + (θ¯Γcdθ)
)
(dθ¯Γabcdθ) (6.17)
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with m1, m2 and m3 arbitrary constants, and
ZabcA(3) = d
[
1
2
xadxbdxc −
9 i
35
x[adxb(θ¯Γc]dθ)−
3
70
x[a(θ¯Γbdθ)(θ¯Γc]dθ)
]
(6.18)
ZabαA(3) = −d
[
i
4
dxadxbθα +
13 i
35
xadxbdθα +
3
35
xa(θ¯Γbdθ)dθα
+
9
70
dxa(θ¯Γbdθ)θα −
3 i
140
(θ¯Γadθ)(θ¯Γbdθ)θα
]
(6.19)
ZaαβA(3) = d
[
1
14
xadθαdθβ −
13
70
dxaθ(αdθβ) −
3 i
70
(θ¯Γadθ)θ(αdθβ)
]
(6.20)
ZαβγA(3) = −
3 i
35
dθαdθβdθγ . (6.21)
The algebra is independent of the choice of the constantsm1, m2 andm3, and is equivalent
to the p = 3 algebra identified in [12], which was stated without derivation; the algebra has
been derived systematically in the approach we are using. The right hand side of (6.21)
again reproduces the p = 3 Noether charges constructed in [28] (up to normalization).
7 p = 3 enlarged superspace
Manifestly supersymmetric Wess-Zumino terms for p-branes can be constructed as
SWZ =
∫
σ∗(b(p+1) − dA(p)), (7.1)
where the supersymmetry transformations of the form A(p) are determined from those of
b(p+1). As shown in this paper, the integrability of the spacetime supersymmetry trans-
formations assigned to A(p) reveals an underlying enlarged supersymmetry algebra, gen-
eralizing the Green algebra from the case p = 1. As shown by Siegel in the latter case [7],
A(1) can be constructed as a form on an enlarged superspace related to the Green algebra
by a coset construction. This was extended to the case p = 2 in [12] and [15].
Here, we explicitly construct A(3) as a form in the enlarged superspace associated with
the algebra (6.9)-(6.16). The superspace is defined in terms of the coset
Ω(x, θ, y, χ, w, φ)
= exp
{
i(xaPa + θ
αQα + yabcZ
abc + χabαZ
abα + waαβZ
aαβ + φαβγZ
αβγ)
}
, (7.2)
where the isotropy subgroup is the Lorentz group. Transformations of the enlarged su-
perspace coordinates (x, θ, y, χ, w, φ) are then determined by considering the left action
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of group elements g on Ω(x, θ, y, χ, w, φ). For instance, a supersymmetry transformation
with parameter ǫα is achieved by the left action of the group element
g = eiǫ
αQα (7.3)
on Ω(x, θ, y, χ, w, φ). For an infinitesimal supersymmetry transformation we find the
enlarged superspace coordinates transform as follows:
δǫx
a = i(ǫ¯Γaθ) (7.4)
δǫθ
α = ǫα (7.5)
δǫyabc = −
i
2
(ǫ¯Γabcθ) (7.6)
δǫχabα =
i
2
xc(ǫ¯Γcab)α − iyabc(ǫ¯Γ
c)α +
1
6
(ǫ¯Γcθ)(θ¯Γcab)α +
1
6
(ǫ¯Γcabθ)(θ¯Γ
c)α (7.7)
δǫwaαβ = 2iχab(α(ǫ¯Γ
b)β) −
i
4
ǫγχabγ(CΓ
b)αβ +
1
24
xb(ǫ¯Γbcaθ)(CΓ
c)αβ
−
1
3
xb(ǫ¯Γbca)(α(θ¯Γ
c)β) +
1
6
xb(ǫ¯Γcθ)(CΓbca)αβ +
1
4
yabc(ǫ¯Γ
bθ)(CΓc)αβ
+
2
3
yabc(ǫ¯Γ
b)(α(θ¯Γ
c)β) (7.8)
δǫφαβγ =
5
6
χab(α(θ¯Γ
a)β(ǫ¯Γ
b)γ) −
1
4
χab(α(CΓ
a)βγ)(ǫ¯Γ
bθ)−
1
12
θλχabλ(CΓ
a)(αβ(ǫ¯Γ
b)γ)
−
1
12
ǫλχabλ(CΓ
a)(αβ(θ¯Γ
b)γ) −
5i
4
wa(αβ(ǫ¯Γ
a)γ) −
i
4
ǫλwaλ(α(CΓ
a)βγ)
+
1
6
xayabc(CΓ
b)(αβ(ǫ¯Γ
c)γ) +
1
36
(θ¯Γa)(α(θ¯Γ
b)β(θ¯Γabc)γ)(ǫ¯Γ
cθ)
+
1
36
(θ¯Γa)(α(θ¯Γ
b)β(θ¯Γ
c)γ)(ǫ¯Γabcθ) . (7.9)
An explicit expression for A(3) in terms of the enlarged superspace coordinates can now
be constructed. Given the known effect of the generators Pa, Z
abc, Zabα, Zaαβ and Zαβγ
on A(3), (6.17)-(6.21), and the infinitesimal transformations of the enlarged superspace
coordinates under the action of these generators (such as (7.4)-(7.9)), we can infer the
types of terms which must appear in A(3). The coefficients of these terms can then be
fixed by insisting that equation (6.3) holds. Our final result is:
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A(3) =
(
m1 +
157
280
)
xadxbdxc(θ¯Γabcdθ) +
(
m2 +
3i
10
)
xadxb(θ¯Γcdθ)(θ¯Γabcdθ)
+
(
m3 +
3
40
)
xa(θ¯Γbdθ)(θ¯Γcdθ)(θ¯Γabcdθ) +
i
2
yabcdx
adxbdxc +
123
140
yabcdx
adxb(θ¯Γcdθ)
−
3i
5
yabcdx
a(θ¯Γbdθ)(θ¯Γcdθ)−
3
20
yabc(θ¯Γ
adθ)(θ¯Γbdθ)(θ¯Γcdθ)
−
9
70
yabcx
adxb(dθ¯Γcdθ) +
i
14
yabcx
a(θ¯Γbdθ)(dθ¯Γcdθ) +
87i
140
χabαdx
adxbdθα
+
51
70
χabαdx
a(θ¯Γbdθ)dθα −
9
140
χabαdx
a(dθ¯Γbdθ)θα +
3
70
χabαx
a(dθ¯Γbdθ)dθα
−
i
4
χabα(θ¯Γ
adθ)(θ¯Γbdθ)dθα +
i
28
χabα(θ¯Γ
adθ)(dθ¯Γbdθ)θα −
9i
35
waαβdx
adθαdθβ
+
3
140
waαβ(dθ¯Γ
adθ)θαdθβ −
3
20
waαβ(θ¯Γ
adθ)dθαdθβ −
3i
35
φαβγdθ
αdθβdθγ . (7.10)
Since F (4) = dA(3)− b(4) is by construction manifestly invariant under supersymmetry
transformations, it should be able to be expressed in terms of Maurer-Cartain forms
associated with the enlarged supersymmetry algebra. Using the coset parametrisation
(7.2), the corresponding Maurer-Cartan forms are
Ω(x, θ, y, χ, w, φ)−1dΩ(x, θ, y, χ, w, φ)
= i
(
EaPa + E
αQα + EabcZ
abc + EabαZ
abα + EaαβZ
aαβ + EαβγZ
αβγ
)
(7.11)
with
Ea = dxa − i(θ¯Γadθ) (7.12)
Eα = dθα (7.13)
Eabc = dyabc +
i
2
(θ¯Γabcdθ) (7.14)
Eabα = dχabα +
i
2
xc(dθ¯Γcab)α −
i
2
dxc(θ¯Γcab)α − iyabc(dθ¯Γ
c)α
+ idyabc(θ¯Γ
c)α −
1
3
(θ¯Γcdθ)(θ¯Γcab)α −
1
3
(θ¯Γabcdθ)(θ¯Γ
c)α (7.15)
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Eaαβ = dwaαβ −
i
2
xbdxc(Γabc)αβ − 2idχab(α(θ¯Γ
b)β) + 2iχab(α(dθ¯Γ
b)β)
−
i
4
dχabγθ
γ(Γb)αβ +
i
4
χabγdθ
γ(Γb)αβ +
i
2
xbdybca(Γ
c)αβ
−
i
2
yabcdx
b(Γc)αβ −
1
3
xb(θ¯Γcdθ)(Γabc)αβ −
1
2
yabc(θ¯Γ
bdθ)(Γc)αβ
−
1
12
xb(θ¯Γbcadθ)(Γ
c)αβ −
2
3
xb(dθ¯Γbca)(α(θ¯Γ
c)β) +
2
3
dxb(θ¯Γbca)(α(θ¯Γ
c)β)
+
4
3
yabc(dθ¯Γ
b)(α(θ¯Γ
c)β) −
4
3
dyabc(θ¯Γ
b)(α(θ¯Γ
c)β) −
i
3
(θ¯Γbdθ)(θ¯Γbca)(α(θ¯Γ
c)β)
−
i
3
(θ¯Γabcdθ)(θ¯Γ
b)(α(θ¯Γ
c)β) . (7.16)
Eαβγ = dφαβγ −
1
3
xayabc(dθ¯Γ
b)(α(Γ
c)βγ) −
1
3
dxayabc(θ¯Γ
b)(α(Γ
c)βγ)
+
2
3
xadyabc(θ¯Γ
b)(α(Γ
c)βγ) +
i
3
yabc(θ¯Γ
adθ)(θ¯Γb)(α(Γ
c)βγ) +
5i
6
yabc(θ¯Γ
a)(α(θ¯Γ
b)β(dθ¯Γ
c)γ)
−
5i
6
dyabc(θ¯Γ
a)(α(θ¯Γ
b)β(θ¯Γ
c)γ) +
i
2
xadχab(α(Γ
b)βγ) −
i
2
dxaχab(α(Γ
b)βγ)
−
1
2
χab(α(θ¯Γ
adθ)(Γb)αβ) +
5
3
χab(α(θ¯Γ
a)β(dθ¯Γ
b)γ) −
5
3
dχab(α(θ¯Γ
a)β(θ¯Γ
b)γ)
+
1
6
θλχabλ(dθ¯Γ
a)(α(Γ
b)βγ) +
1
6
dθλχabλ(θ¯Γ
a)(α(Γ
b)βγ) −
1
3
θλdχabλ(θ¯Γ
a)(α(Γ
b)βγ)
−
i
4
dθλwaλ(α(Γ
a)βγ) +
i
4
θλdwaλ(α(Γ
a)βγ) −
5i
4
wa(αβ(dθ¯Γ
a)α) +
5i
4
dwa(αβ(θ¯Γ
a)α)
−
1
12
xadxb(θ¯Γabc)(α(Γ
c)βγ) +
5
12
xadxb(θ¯Γc)(α(Γabc)βγ) −
5i
24
xa(θ¯Γbdθ)(θ¯Γc)(α(Γabc)βγ)
+
i
24
xa(θ¯Γbdθ)(θ¯Γabc)(α(Γ
c)βγ) +
i
12
xa(θ¯Γabcdθ)(θ¯Γ
b)(α(Γ
c)βγ)
+
5i
12
dxa(θ¯Γb)(α(θ¯Γ
c)β(θ¯Γabc)γ) −
5i
12
xa(θ¯Γb)(α(θ¯Γ
c)β(dθ¯Γabc)γ)
+
1
6
(θ¯Γabcdθ)(θ¯Γ
a)(α(θ¯Γ
b)β(θ¯Γ
c)γ) +
1
6
(θ¯Γadθ)(θ¯Γb)(α(θ¯Γ
c)β(θ¯Γabc)γ). (7.17)
Using these results, we find the following expression for the supersymmetry invariant
four-form F (4) = dA(3) − b(4):
F (4) =
i
2
EabcE
aEbEc +
87i
140
EabαE
aEbEα −
9i
35
EaαβE
aEαEβ −
3i
35
EαβγE
αEβEγ, (7.18)
which is independent of the constants m1, m2 and m3.
For completeness, we provide a summary of our results for the enlarged superspace in
the case p = 2, based upon the results of Section 4 and 5. This case was treated in Section
17
8 of [15], but our expression for A(2) differs slightly from theirs8, and is more general in
the sense that it contains additional terms with arbitrary constants. The coset is based
on a parametrization
Ω(x, θ, χ, y, φ) = exp
{
i(xaPa + θ
αQα + χaαZ
aα + yabZ
ab + φαβZ
αβ)
}
, (7.19)
and the corresponding Maurer-Cartan forms are
Ω(x, θ, χ, y, φ)−1dΩ(x, θ, χ, y, φ) = i
(
EaPa + E
αQα + EaαZ
aα + EabZ
ab + EαβZ
αβ
)
.
(7.20)
We find that
A(2) = (α− 19
30
)xadxb(θ¯Γabdθ) + i(λ−
11
90
)xa(θ¯Γbdθ)(θ¯Γabdθ) +
2i
3
yabdx
adxb
+
11
15
yabdx
a(θ¯Γbdθ) +
1
15
yabx
a(dθ¯Γbdθ)−
11i
45
yab(θ¯Γ
adθ)(θ¯Γbdθ)−
3i
5
χaαdx
adθα
+
1
30
χaαθ
α(dθ¯Γadθ)−
1
3
χaα(θ¯Γ
adθ)dθα −
2i
15
φαβdθ
αdθβ , (7.21)
and the manifestly supersymmetric three-form
F (3) = dA(2) − b(3) =
2i
3
EabE
aEb −
3i
5
EaαE
aEα −
2i
15
EαβE
αEβ , (7.22)
which is independent of the constants α and λ.
8 Conclusions
In this paper, we have used integrability of the supersymmetry transformations as-
signed to A(p) in solving the cohomology problem
h(p+2) = db(p+1), δǫb
(p+1) = dδǫA
(p). (8.1)
associated with the closed and supersymmetry invariant superspace (p + 2)-forms h(p+2)
to systematically derive the enlarged superalgebras that underly p-branes for the cases
8Note that we have used different conventions from those in [15]. Upon converting our expression for
A(2) to those conventions, we find disagreement in the last three coefficients of their expression (8.11). Our
expression for F (3), however, coincides precisely with theirs after conversion. The following fundamental
replacements can be used to translate our expressions into the notation of [15]: Pa → −
1
2Xµ, Qα → Dα,
Zab → Zµν , Zaα → − 12Z
µα, Zαβ → 14Z
αβ , xa → 2ixµ, θα → −iθα, yab → −iϕµν , χaα → 2iϕµα,
φαβ → −4iϕαβ.
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p = 2, p = 3, as well as the D-brane worldvolume one-form and the M5 brane two-form.
We have also given a coset construction for the manifestly supersymmetric Wess-Zumino
Lagrangian for a 3-brane.
In a future work we will generalise the procedure to compute the algebra for all valid
p and then use the result to compute manifestly supersymmetric expressions for F (p+1).
A Establishing equation (4.14)
Here we provide further details on how the expression (4.14) along with the conditions
(4.13) emerge.
For convenience it is useful to introduce the following notation
P1 := dx
adxb(ǫ¯[1Γabǫ2]) = dx
adxb(ǫ¯1Γabǫ2) (A.1)
Q1 := x
a(ǫ¯[1Γ
bǫ2])(dθ¯Γabdθ) = x
a(ǫ¯1Γ
bǫ2)(dθ¯Γabdθ) (A.2)
Q2 := x
a(dθ¯Γbdθ)(ǫ¯[1Γabǫ2]) = x
a(dθ¯Γbdθ)(ǫ¯1Γabǫ2) (A.3)
Q3 := x
a(ǫ¯[1Γ
bdθ)(ǫ¯2]Γabdθ) (A.4)
R1 := dx
a(ǫ¯[1Γ
bǫ2])(θ¯Γabdθ) = dx
a(ǫ¯1Γ
bǫ2)(θ¯Γabdθ) (A.5)
R2 := dx
a(θ¯Γbdθ)(ǫ¯[1Γabǫ2]) = dx
a(θ¯Γbdθ)(ǫ¯1Γabǫ2) (A.6)
R3 := dx
a(ǫ¯[1Γ
bθ)(ǫ¯2]Γabdθ¯) (A.7)
R4 := dx
a(ǫ¯[1Γ
bdθ)(ǫ¯2]Γabθ) (A.8)
S1 := (ǫ¯[1Γ
aǫ2])(θ¯Γ
bdθ)(θ¯Γabdθ) = (ǫ¯1Γ
aǫ2)(θ¯Γ
bdθ)(θ¯Γabdθ) (A.9)
S2 := (θ¯Γ
adθ)(θ¯Γbdθ)(ǫ¯[1Γabǫ2]) = (θ¯Γ
adθ)(θ¯Γbdθ)(ǫ¯1Γabǫ2) (A.10)
S3 := (ǫ¯[1Γ
aθ)(ǫ¯2]Γ
bθ)(dθ¯Γabdθ) = (ǫ¯1Γ
aθ)(ǫ¯2Γ
bθ)(dθ¯Γabdθ) (A.11)
S4 := (ǫ¯[1Γ
aθ)(ǫ¯2]Γ
bdθ)(θ¯Γabdθ) (A.12)
S5 := (ǫ¯[1Γ
aθ)(dθ¯Γbdθ)(ǫ¯2]Γabθ) (A.13)
S6 := (ǫ¯[1Γ
adθ)(θ¯Γbdθ)(ǫ¯2]Γabθ) (A.14)
S7 := (ǫ¯[1Γ
aθ)(θ¯Γbdθ)(ǫ¯2]Γabdθ), (A.15)
which is an exhaustive list of all possible terms that could appear in [δǫ2 , δǫ1]A
(2). Some
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of these terms are related via the gamma matrix identity (4.2), as follows:
Q1 +Q2 − 4Q3 = 0 , (A.16)
R1 +R2 − 2R3 + 2R4 = 0 , (A.17)
S3 − 2S4 + S5 + 2S7 = 0 , (A.18)
S1 − S2 − 2S6 − 2S7 = 0 . (A.19)
By taking a second supersymmetry variation of (4.10) (with (4.11) and (4.12)) and
forming the commutator, a direct calculation yields
[δǫ2 , δǫ1]A
(2) = 2αβP1 + 2i(1− α)(1− γ)Q1 + 2iκQ2
+ 2i
(
αγ − 2α− γ +
5
3
)
R1 + 2i
(
κ−
1
3
)
R2 + 2
(
1
15
− λ
)
S1 −
2
15
S2
+ 2i
(
α(β − 1) + γ(α− 1) + κ
)
Q3 − 2i
(
α(β − γ + 1) + γ −
5
3
)
R3
− 2i
(
2αβ + κ−
1
3
)
R4 + 2(1− α)(1− γ)S3
− 4
(
α + γ − αγ −
13
15
)
S4 + 2κS5 + 2
(
κ−
1
5
)
S6 − 2
(
κ−
1
15
)
S7 . (A.20)
Here we have arranged the terms so that only those containing a factor of (ǫ¯1Γ
aǫ2) or
(ǫ¯1Γabǫ2) – the former relating to the standard supersymmetry algebra and the latter to
charges in the enlarged algebra – appear on the first two lines. We are now left with the
problem of removing all other terms so that we are furnished with a realisation of the
enlarged algebra. We eliminate these unwanted terms by exploiting some of the freedom
in the above expression due to the presence of the arbitrary constants α, β, γ and λ and
the relationships (A.16)-(A.19). From this point it is not difficult to establish that the
most general solution to this problem requires imposing (4.13) which yields the result
(4.14).
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